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Abstract
Five solutions of the equation
∑9
i=1 1xi = 1 in distinct odd integers are already known. In this paper we
show that these five solutions are the only possible ones.
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1. Introduction
1.1. The main result
Consider the equation in odd integers
k∑
i=1
1
xi
= 1, 1 < x1 < x2 < · · · < xk. (1)
J. Leech [3, pp. 89] predicted that in (1) k  9. Others such as J. Ayala, C. Rivera and J. Mc-
Cranie [5] also think that mink = 9. We can prove this by showing first that ∑7i=1 1xi = 1, and
secondly that for even values of k one obtains
∑k
i=1 1xi = 1. So k = 8 is also impossible. Hence
k  9 is confirmed.
S. Yamashita [5] was the first to find the following five solutions of (1) with k = 9:0022-314X/$ – see front matter © 2007 Elsevier Inc. All rights reserved.
doi:10.1016/j.jnt.2007.01.007
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B1 = {3,5,7,9,11,15,21,231,315}
B2 = {3,5,7,9,11,15,35,45,231}
B3 = {3,5,7,9,11,15,21,135,10395}
B4 = {3,5,7,9,11,15,33,45,385}
B5 = {3,5,7,9,11,15,21,165,693}.
(2)
These solutions were rediscovered by others including J.C. Meyrignac [5] and the author. More-
over, by our knowledge, none of them proved that there are no other solutions. To prove this fact
is the purpose of the present paper. We shall prove
Theorem 1. The five solutions (2) of ∑9i=1 1xi = 1 in distinct odd integers are the only possible
ones.
2. On the structure of S
Hereafter, S = {x1, x2, . . . , xk} will represent a set of distinct odd integers sequenced in as-
cending order. Denote the Least Common Multiple of the members of S by L(S).
Some particular cases of the following Lemma 1 will be used in the proof of Theorem 1 in
Section 3.
Lemma 1. Let α be the highest power of a prime p occurring as a factor in some members
of S satisfying∑ki=1 1xi = 1. Let m1pα,m2pα, . . . ,mspα be the s members of S multiples of pα .
Denote the symmetrical functions of degree t, t = 1,2, . . . , s of the numbers m1,m2, . . . ,ms by
σt (m) and put σ0(m) = 1. Then p|σs−1(m).
In particular one has
Corollary 1. pα must occur at least twice.
Indeed putting s = 1 one should have p|1 which is impossible.
Corollary 2. If s = 2, then p|m1 + m2.
Corollary 3. If s = 3, then p|m1m2 + m1m3 + m2m3.
Proof of Lemma 1. The members of S multiples of pα are m1pα,m2pα, . . . ,mspα . Then
1 =
∑
i:pαxi
1
xi
+
s∑
j=1
1
mjpα
.
By adding all the fractions and choosing Mpα as the common denominator, the numerator of the
first sum is a multiple of p, while the numerator of the second sum is not. More explicitly
1 = pA + Nσs−1(m)
Mpα
where A is some integer and p N , in consequence p|σs−1(m). 
138 N. Burshtein / Journal of Number Theory 127 (2007) 136–1443. Proof of Theorem 1
The proof of Theorem 1 is rather long, technical and quite involved. It will take the re-
maining part of the paper. It is based on the observation that all the sets in (2) contain the set
T = {3,5,7,9,11,15}. We shall prove in Section 3.1 that every set S as required must contain T
as a subset. In Section 3.2, it will be shown that the only way T can be completed to a set of nine
members is to obtain B1,B2, . . . ,B5.
3.1. Proof of T ⊂ S
We prove the following Lemma 2.
Lemma 2. If S = {x1, x2, . . . , x9} and ∑9i=1 1xi = 1, then S must contain the set T = {3,5,7,
9,11,15}.
The proof of Lemma 2 consists of a series of claims. Whenever the proof is a short one it will
be brought in full, otherwise, a representative pattern will be exhibited.
3.1.1. Proof of {3,5,7,9} ⊂ S
Claim 1. If S = {x1, x2, . . . , x9} and∑9i=1 1xi = 1, then x1 = 3, x2 = 5.
Proof. The set S1 = {3,7,9,11,13,15,17,19,21} consists of the first nine smallest numbers
omitting 5 and yields
∑9
i=1 1xi < 1. Hence 5 must be in S. This also implies that 3 must be in S.
Thus x1 = 3, x2 = 5 as asserted. 
Claim 2. If S = {3,5, x3, . . . , x9} and∑9i=1 1xi = 1, then x3 = 7.
Proof. If 7 /∈ S, then the set S1 = {3,5,9,13,15,17,19,21,23} consisting of the first nine small-
est numbers omitting 11 yields
∑9
i=1 1xi < 1. Therefore 11 must be in S and 9 as well. Applying
Corollaries 1 and 2 to 11 implies that the minimal value of x9 is x9 = 11 · 21. But, even with
x5 = 13, x6 = 15, x7 = 17, x8 = 19 and x9 = 105, we obtain that∑9i=1 1xi < 1. Therefore 7 must
be in S, thus x3 = 7. 
Claim 3. If S = {3,5,7, x4, . . . , x9} and∑9i=1 1xi = 1, then x4 = 9.
Proof. We shall assume that x4 = 9 and reach a contradiction. First it is shown that 11, 13 must
be in S, and then that 15 ∈ S. With the best choice of values x7, x8, x9 the contradiction is
obtained.
If 11 /∈ S, 13 /∈ S, then S1 = {3,5,7,15,17,19,21,23,25} yields∑9i=1 1xi < 1. Therefore, at
least one of {11,13} must be in S.
When 11 /∈ S, 13 ∈ S or 11 ∈ S, 13 /∈ S, and Corollaries 1, 2 are applied to 13 respectively
to 11, the respective minimal values x9 = 13 · 25, x9 = 11 · 21 are obtained. Since for S2 =
{3,5,7,11,15,17,19,21,11 · 21} it follows that∑9i=1 1xi < 1, therefore 13 and 11 must now be
in S.
Applying Corollary 1 to 11 and 13 we set x9 = 11 · 13M . It then follows by Corollary 2 that
M  137 and hence x9  11 · 13 · 137. If 15 /∈ S, the best choice for such a set S3 is given by
S3 = {3,5,7,11,13,17,19,23,11 · 13 · 137}. But then∑9i=1 1 < 1, and hence 15 ∈ S. With 11,xi
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that
∑9
i=1 1xi < 1.
Our assumption that x4 = 9 is therefore false, and thus x4 = 9 as asserted. 
Having now established that {3,5,7,9} ⊂ S, we could try to build S with members of the
form 3α5β7γ . But we shall see that this is impossible due to Claim 4.
Claim 4. Let S = {3,5,7,9, x5, . . . , x9}. If xi ∈ 3α5β7γ for i = 5,6, . . . ,9, then∑9i=1 1xi = 1.
Proof. The set S1 = {3,5,7,9,15,21,25,35,45} of the first nine integers of the required form
omitting 27 yields
∑9
i=1 1xi < 1. Therefore x5 = 15, x6 = 21, x7 = 25, x8 = 27 are in S. Since
1 −∑8i=1 1xi is not a unit fraction,
∑9
i=1 1xi = 1 as asserted. 
Corollary 4. Let S = {3,5,7,9, x5, . . . , x9}. If ∑9i=1 1xi = 1, then L(S) is a multiple of at least
one prime p > 7.
3.1.2. Proof of {11,15} ⊂ S
Using Corollary 4, we prove in Claim 5 that when L(S) is a multiple of a prime p > 7, then
S contains at most three multiples of p. In Claims 6 and 7, it is shown that when p  13 then∑9
i=1 1xi = 1. Therefore p = 11, thus x5 = 11. Finally, Claims 8 and 9 establish that 15 ∈ S. With
x6 = 15, T ⊂ S and the proof of Lemma 2 is complete.
Claim 5. Let S = {3,5,7,9, x5, . . . , x9}. Suppose that L(S) is a multiple of a prime p > 7. If∑9
i=1 1xi = 1, then S contains at most three multiples of p.
Proof. It suffices to show that S does not contain five or four multiples of p.
Suppose that S contains five multiples of p. For all values p > 7 with p = 11,
9∑
i=1
1
xi
<
4∑
i=1
1
xi
+ 1
11
(
1 + 1
3
+ 1
5
+ 1
7
+ 1
9
)
< 1
implying that S does not contain five multiples of p.
Suppose that S contains four multiples of p.
From S
∑4
i=1 1xi = 248315 , and hence
∑9
i=5 1xi = 67315 . Denote
67
315
=
9∑
i=5
1
xi
= 1
A
+ 1
p
(
1 + 1
B
+ 1
C
+ 1
D
)
, B < C < D.
If A  17, then with A = 17, and the smallest possibles p = 11, B = 3, C = 5, D = 7,∑9
i=5 1xi <
67
315 . Hence A 17, and A may assume any of the values 11, 13, 15. For A = 11, 13
it follows by Corollary 1 that B , C, D must in some way be multiples of at least 5, 7, 9. This
is also the case for A = 15 when Corollary 2 is applied to 5. In any case the value B = 3 is not
excluded. It is easy to see that max( 1
B
+ 1
C
+ 1
D
) is attained when B = 3, C = 5, D = 7 · 9.
If A = 11 then p  13, and when A = 15 then p  11. But, for A = 11 with p = 13, and
for A = 15 with p = 11, together with B = 3, C = 5, D = 7 · 9 in both cases, we obtain that∑9
i=5 1 < 67 . Hence A = 11 and A = 15.xi 315
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D = 7, it follows that ∑9i=5 1xi < 67315 , and hence p  17. Let p = 11. For B  5, with B = 5,
C = 7, D = 9, then∑9i=5 1xi < 67315 . When B = 3, the sum 113 + 111 (1 + 13 ) yields C  7. Corol-
lary 1 applied to 13 implies that at least one of C, D is also a multiple of 13. With C = 7 and
even with D = 5 · 13,∑9i=5 1xi < 67315 . Hence p = 11 and A = 13.
Thus S does not contain four multiples of p, and the proof is complete. 
Corollary 1 together with Claim 5 now imply that either S contains three multiples of a prime
p > 7 or S contains two multiples of such a prime. From now on, the two possibilities are
considered separately.
As mentioned in Section 3.1, due to the great length and the technical details of Claims 6
and 7, we are unable to present here the complete proofs. A short demonstration of the manner
used in our proofs is exhibited.
Claim 6. Let S = {3,5,7,9, x5, . . . , x9}. If S contains three members multiples of a prime
p  13, then
∑9
i=1 1xi = 1.
Proof. We shall assume that
∑9
i=1 1xi = 1 and reach a contradiction. Denote
9∑
i=5
1
xi
= 1
p
(
1 + 1
A
+ 1
B
)
+ 1
C
+ 1
D
, 3A < B, C < D, p  13.
For all values p it follows by Corollary 3 that p|AB + A + B . We will now show that p  23.
When A = 3, B = 5, then p|23, hence p = 23. With these three values, it follows that 1
C
+
1
D
= 46315 . But, it is easily seen that all possible values C, D yield 1C + 1D < 46315 . Thus p = 23.
Suppose that p  29. The case p = 23 implies that for all values p B  7. For p  29 the
values p = 29, A = 3, B = 7, C = 11, D = 15 yield∑9i=1 1xi < 1. Hence D = 13 is determined
and C = 11 as well. With Corollary 1 now applied to 11 and 13, and in order to maximize 1
A
+ 1
B
set B = 11 · 13.
If p  31, then the smallest values p = 31, A = 3, B = 11 · 13, C = 11, D = 13 yield∑9
i=1 1xi < 1. Hence p  31 and p = 29. When p = 29, the sum 129 + 111 + 113 implies that
A  5. With p = 29, A = 5, B = 11 · 13, C = 11, D = 13 it follows that ∑9i=1 1xi < 1 and
therefore p = 29.
Since p  23, p may assume any of the values p = 19, 17, 13. The above manner and similar
techniques together with Corollaries 1 and 2 achieve for each value p the desired result. Thus∑9
i=1 1xi = 1, and the assertion then follows. 
Claim 7. Let S = {3,5,7,9, x5, . . . , x9}. If S contains two members multiples of a prime p  13,
then
∑9
i=1 1xi = 1.
Proof. We shall assume that
∑9
i=1 1xi = 1 and reach a contradiction. Denote
9∑ 1
xi
= 1
p
(
1 + 1
A
)
+ 1
B
+ 1
C
+ 1
D
, B < C < D, p  13.i=5
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be of different forms such as: (a) A,B,C,D ∈ 3α5β7γ , (b) A,B,C,D ∈ 3α5β7γ 11 and in this
case we have in S three multiples of 11 with two possibilities or two multiples of 11 also with
two possibilities. Evidently, other possibilities exist too, but the total number of cases is finite.
Consider (b) for example. One case of three multiples of 11 satisfying Corollary 3, with the
smallest values of p = 13, A = 25, B = 11, C = 3 · 11, D = 11 · 35 yields∑9i=1 1xi < 1. Another
case of two multiples of 11 satisfying Corollary 2, with the minimal values p = 13, A = 25,
B = 11, C = 27, D = 11 · 21 implies that∑9i=1 1xi < 1. When one considers the total of possible
cases, it turns out that
∑9
i=1 1xi = 1.
We now demonstrate the proof of (a), i.e.: A,B,C,D ∈ 3α5β7γ .
If p  19, then the smallest values p = 19, A = 75, B = 15, C = 21, D = 25 yield∑9
i=1 1xi < 1. Hence p  19, and p = 17 or p = 13. If B = 15, then the minimal values p = 13,
A = 25, B = 21, C = 25, D = 27 imply that∑9i=1 1xi < 1. Therefore for both values p, B = 15.
Let p = 17. If C = 21, the sum 117 + 115 + 121 yields D  27. With the minimal values A = 135,
B = 15, C = 21, D = 27, we obtain that∑9i=1 1xi < 1. Hence p = 17.
Let p = 13. Omitting C = 21, 25, the smallest values A = 25, B = 15, C = 27, D = 35 yield∑9
i=1 1xi < 1. Hence, either C = 25 or C = 21. When C = 25, the sum 113 + 115 + 125 implies
that D  35. The next value A > 25 of the required form is A = 441. With A = 441, B = 15,
C = 25, D = 35, we obtain that ∑9i=1 1xi < 1, and D = 35. For D  45, then with A = 25,
B = 15, C = 25, D = 45, ∑9i=1 1xi < 1. Hence C = 25. When C = 21, the sum 113 + 115 + 121
implies that D  49. The values A = 441, B = 15, C = 21, D = 49 yield∑9i=1 1xi < 1. Therefore
D = 49 and D  63. With A = 25, B = 15, C = 21, D = 63, then ∑9i=1 1xi < 1. Thus C = 21
and p = 13. This completes our proof. 
Corollary 5. Let S = {3,5,7,9, x5, . . . , x9}. If ∑9i=1 1xi = 1, then (i) L(S) = 3α5β7γ 11,(ii) x5 = 11.
Proof. (i) follows immediately from Corollary 4 together with Claims 6 and 7. Corollary 1
applied to 11 implies that S must contain at least two multiples of 11. If 11 /∈ S, then the five
smallest values x5, . . . , x9 namely 15, 21, 25, 3 · 11, 5 · 11 yield∑9i=1 1xi < 1. Therefore 11 ∈ S,
thus x5 = 11 as in (ii). 
In the following Claims 8 and 9, we establish that x6 = 15.
Claim 8. Let S = {3,5,7,9,11, x6, . . . , x9}. Suppose that S contains three multiples of 11. If∑9
i=1 1xi = 1, then x6 = 15.
Proof. Denote the additional two multiples of 11 by 11A, 11B where A < B . It is easy to see
that when 111 (1 + 1A + 1B ) satisfies Corollary 3, then the maximal value is attained when A = 3
and B = 35.
If 15 /∈ S, then the two smallest values x6 = 21, x7 = 25 together with x8 = 3 ·11, x9 = 11 ·35
yield
∑9
i=1 1xi < 1. Thus 15 ∈ S and x6 = 15. 
Claim 9. Let S = {3,5,7,9,11, x6, . . . , x9}. Suppose that S contains two multiples of 11. If∑9
i=1 1 = 1, then x6 = 15.xi
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the set S1 = {3,5,7,9,11,21,27,35,11 · 21} consisting of the smallest values x6, . . . , x9 omit-
ting 25 yields
∑9
i=1 1xi < 1. Therefore x6 = 21 and x7 = 25 must now be in S. If x8 = 27, then∑8
i=1 1xi > 1 and hence x8  35. But, with x8 = 35 and x9 = 11 · 21 we obtain that
∑9
i=1 1xi < 1.
Therefore 15 ∈ S, thus x6 = 15. 
This completes our proof of {11,15} ⊂ S, and hence of Lemma 2. 
3.2. The completion of S
We shall now reestablish the sets B1,B2, . . . ,B5, also showing that these are the only possible
ones. This is done in Lemmas 3 and 4.
Lemma 3. Let S = {3,5,7,9,11,15, x7, x8, x9}. Suppose that S contains three multiples of 11.
If∑9i=1 1xi = 1, then S consists only of
B4 = {3,5,7,9,11,15,33,45,385},
B5 = {3,5,7,9,11,15,21,165,693}.
Proof. From S
∑4
i=1 1xi = 248315 , and hence
∑9
i=5 1xi = 67315 . Denote
67
315
=
9∑
i=5
1
xi
= 1
11
(
1 + 1
A
+ 1
B
)
+ 1
15
+ 1
C
, A < B. (3)
We now consider the possible values C = 21, 25, 27, 35, 45 and C > 45.
Let C = 21. From (3) we obtain
1
A
+ 1
B
= 26
315
(4)
hence A  15. The values A = 15, B = 63 satisfy (4), therefore B5 = {3,5,7,9,11,15,21,
165,693} is determined. For values A 21 (4) has no solutions.
Let C = 25, 27, 35. Then, the corresponding three sums obtained from (3) are respectively:
1
A
+ 1
B
= 262
1575
,
1
A
+ 1
B
= 188
945
,
1
A
+ 1
B
= 92
315
.
It is easily verified that no values A, B exist which satisfy these three equalities, and therefore
C = 25, 27, 35.
Let C = 45. Then (3) yields
1
A
+ 1
B
= 38
105
. (5)
The only solution of (5) is given by A = 3, B = 35. Thus, B4 = {3,5,7,9,11,15,33,45,385} is
established.
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lows that
∑9
i=5 1xi <
67
315 implying that A = 3. The smallest values that satisfy Corollary 3 are
A = 3, B = 35, and together with C = 49 yield ∑9i=5 1xi < 67315 . Thus C ≯ 45. This concludes
our proof. 
Lemma 4. Let S = {3,5,7,9,11,15, x7, x8, x9}. Suppose that S contains two multiples of 11. If∑9
i=1 1xi = 1, then S consists only of
B1 = {3,5,7,9,11,15,21,231,315},
B2 = {3,5,7,9,11,15,35,45,231},
B3 = {3,5,7,9,11,15,21,135,10395}.
Proof. From S
∑4
i=1 1xi = 248315 , and hence
∑9
i=5 1xi = 67315 . Denote
67
315
=
9∑
i=5
1
xi
= 1
11
(
1 + 1
A
)
+ 1
15
+ 1
B
+ 1
C
, B < C. (6)
The product 111 (1 + 1A) when satisfying Corollary 2 implies that A = 22T + 21, T  0. We
will show: First, A = 21 determines B1, B2, whereas A = 945 implies B3. Then, no sets exist
besides the listed ones.
Let A = 21 (T = 0). From (6) we obtain
1
B
+ 1
C
= 16
315
. (7)
For values B  45, (7) has no solutions. Hence B = 21, 25, 27, 35. On substituting B = 25,
27 in (7), it follows that C is not an integer, and therefore these values are impossible. When
B = 21, C = 315 we have
B1 = {3,5,7,9,11,15,21,231,315},
and when B = 35, C = 45,
B2 = {3,5,7,9,11,15,35,45,231}
is obtained.
Let A = 945 (T = 42). Then (6) implies
1
B
+ 1
C
= 52
945
. (8)
For values B  35 (8) has no solutions, and therefore B may assume any of the values B = 21,
25, 27. Substituting B = 25, 27 in (8) yields a value C which is not an integer. Hence B = 25, 27.
When B = 21, C = 135,
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is established.
We now show that no sets exist when 1 T  41, T  43.
Let 1  T  41. In this case it is easily verified that T = 7 or A = 175 is the only value of
the required form. If A = 175, then (6) has no solutions when B  35. Therefore, B may assume
any of the values B = 21, 25, 27. But, with each value B in (6) its respective value C is not an
integer. Hence A = 175.
Let T  43. Since A > 945, it follows from (6) that 1
B
+ 1
C
> 52945 . If
1
B
+ 1
C
 1051890 , then the
sum 111 + 115 + 1B + 1C exceeds 67315 contradicting (6). Therefore 1B + 1C < 1051890 , and hence
104
1890
<
1
B
+ 1
C
<
105
1890
. (9)
If B  35 then (9) has no solutions, and therefore B may assume any of the values B = 21,
25, 27. But, for each such value B one can easily verify that no value C of the required form
exists satisfying (9). Thus T  43. This completes our proof. 
Lemmas 3 and 4 conclude our proof of Theorem 1. 
Remark 1. In this paper it is confirmed for k = 9 that x9  231. Sierpin´ski [4, p. 31] exhibited
a set satisfying (1), with k = 11, x11 = 945 and xi ∈ 3α5β7γ . Burshtein [1, Example 1] provided
a set of the same nature, but with x11 = 135.
J. Leech citing [1, Example 1] in [3, pp. 89] also predicted that in (1) xk  105. In [2], all the
solutions of (1) with k = 11 and xi ∈ 3α5β7γ are established. It is also shown: (i) x11 = 135 is
the minimal such value; (ii) when the restrictions imposed on the integers xi are removed then
x11 = 105. Thus, the second prediction of J. Leech false for k = 9 is verified for k = 11.
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